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The K -quasiconformal maps form a category which is invariant under inversion, i.e. f and
f −1 are simultaneously K -quasiconformal. Maps of exponentially integrable distortion are
a useful class for extending the Beltrami equation to a degenerate setting. This class is
not invariant under inversion. In this note we show that the inverses of homeomorphisms
of exponentially p-integrable distortion have β-integrable distortion for all β < p, but not
necessarily for β = p.
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1. Introduction and results
A quasiregular mapping is a function in W 1,nloc (Ω), Ω a domain of R
n which has uniformly bounded linear distortion:
∣∣Df (x)∣∣n  K J f (x) for almost every x ∈ Ω,
where |Df | is the operator norm of the differential matrix, J f the Jacobian determinant, and K ∈ [1,∞) a constant. In the
past 20 years an extensive program [3,4,6,9,10] has extended the theory of these maps to include a function K (x) which
bounds the linear distortion in place of the uniform bound K . These maps have come to be called maps of ﬁnite distortion.
One is lead to consider possible controls for the function K (x) which will still allow the development of a rich theory, one
robust enough to include existence theorems, for example.
Deﬁnition 1. A map f : Ω → Rn , Ω a domain in Rn , is a map of ﬁnite distortion if:
(FD-1) f ∈ W 1,1loc (Ω).
(FD-2) The Jacobian determinant of f , denoted J f (x), is locally integrable.
(FD-3) With Df denoting the matrix of partial derivatives, and |Df | its operator norm, there is a measurable function
K : Ω → [1,∞), ﬁnite a.e., such that
∣∣Df (x)∣∣n  K (x) J f (x) almost everywhere in Ω.
One can choose the function K so that equality holds in (FD-3). When we choose this K , we will call it K f the distortion
function of f .
In the plane, to which we will conﬁne ourselves for the remainder of this note, injective quasiregular mappings are called
quasiconformal. They satisfy the Beltrami equation:
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with μ a measurable, complex valued function, ‖μ‖∞ < 1. We point out that |Df | = |∂ f | + |∂ f |, J f = |∂ f |2 − |∂ f |2, and
hence K f = |Df |2/ J f . So the relationship between μ and the distortion function in the plane is
K f (z) = 1+ |μ(z)|1− |μ(z)| . (2)
If we let the distortion function become unbounded, then ‖μ‖∞ = 1 (see [10, Chapter 11]) and (1) becomes a differential
equation without uniform elliptic bounds. The ﬁrst author to treat such degenerate maps in the modern setting described in
the papers above was G. David [6], who proved an existence and uniqueness result for solutions of (1) when the distortion
function K f (z) is exponentially integrable, i.e. epK ∈ L1loc(Ω) for some p > 0. David also noted that, unlike quasiconformal
maps, the class of maps with exponentially integrable distortion is not invariant under inversion. That is, if f ’s distortion
function is exponentially integrable it is not necessarily the case that f −1’s distortion function will be exponentially inte-
grable. The purpose of this note is to specify the precise integrability class of the distortion function of an inverse map of a
homeomorphism whose distortion function is exponentially integrable.
Theorem 1. Suppose f : Ω → C is a homeomorphism of ﬁnite distortion which satisﬁes the Beltrami equation (1), with associated K f
given by (2). Suppose also that epK f in L1loc(Ω) for some p > 0. Then f
−1 is a map of ﬁnite distortion with associated K f −1 ∈ Lβloc(Ω)
for all 0 < β < p. This result is sharp in the sense that there exist functions f as above for which the associated K f −1 are not in L
p
loc .
S. Hencl and P. Koskela in [8] ask some broader questions related to Theorem 1, and prove a similar result in Theorem 1.6,
but do not give the sharp integrability provided here.
One possible application of this theorem may be towards work similar to [5], but for maps of exponentially integrable
distortion. To discuss this work we must introduce the Beurling–Ahlfors operator:
S f (z) = P.V.− 1
π
∫
C
f (w)
(z − w)2 dw,
which is bounded on Lp(C) for 1 < p < ∞. The inverse of (I − μS) is a tool for solving arbitrary Beltrami equations
(see [1, Chapter 5]). The authors of [5] use the fact that the inverses of K -quasiconformal maps are still K -quasiconformal
to show that the operator (I − μS) for ‖μ‖∞ = K−1K+1 < 1 is injective on Lq(Ω) for all q > 2KK+1 . A weakly-K-quasiconformal
map is a function which satisﬁes (FD-1) and (FD-3) with uniform distortion bound K , but not a priori (FD-2). The injectivity
of (I − μS) on Lq(Ω) for q > 2KK+1 allowed them to prove that as along as a weakly-K -quasiconformal map is in W 1,qloc (Ω)
for some q > 2KK+1 , then (FD-2) does indeed hold and the map is actually quasiconformal.
D. Faraco, P. Koskela, and X. Zhong [7] proved that a similar result holds for certain solutions of (1) with ‖μ‖∞ = 1
which do not a priori satisfy (FD-2), and hence are similarly “weak”. Theorem 1.3 in [7] states that if f solves (1) in Ω with
epK in L1loc(Ω) for some p > 0 and if
|Df |2
log1+cp(e + |Df |) ∈ L
1
loc(Ω)
then J f is locally integrable and hence (FD-2) is satisﬁed, so that f is a map of ﬁnite distortion. This c > 0 is an absolute
constant which is known to be greater than or equal to 1, but is otherwise unknown. Hence the speciﬁc sharp Orlicz–Sobolev
space an f satisfying (FD-1) and (FD-3) must lie in to guarantee (FD-2) holds is also currently unknown. An example which
is possibly extremal is given in [7].
2. Proof of Theorem 1
The proof relies on the following result from [2].
Theorem A. Let Ω ⊂ C be a domain. Suppose that f is a map of ﬁnite distortion, not necessarily a homeomorphism, with
epK f (z) ∈ L1loc(Ω) for some p > 0.
Then we have for every 0 < β < p,
J f log
β(e + J f ) ∈ L1loc(Ω) and |Df |2 logβ−1
(
e + |Df |) ∈ L1loc(Ω).
In [2] it is also shown, see the remark after Corollary 4.4, that
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for any measurable set E ⊂ C
∣∣ f (E)∣∣= 0 ⇔ |E| = 0, E ⊂ C.
To prove Theorem 1 we ﬁrst note that Theorem 3.3 of [8] shows that f −1 has locally integrable distributional derivatives.
This is done by constructing careful approximations of f −1 and showing they converge weakly to f −1. So we have (FD-1)
for f −1. In fact in [8], they show that f −1 is indeed a map of ﬁnite distortion. We will reproduce some of these steps in
order to arrive at the formulas needed to prove Theorem 1.
It is known (see for instance [1, Chapter 2]) that homeomorphisms with locally integrable distributional derivatives are
absolutely continuous on lines and hence have ﬁnite partial derivatives almost everywhere. Then various results in Sec-
tion 3.3 of [11] show that f has ﬁnite partial derivatives almost everywhere, and in fact is differentiable almost everywhere.
Since the properties N and N−1 both hold we have J f > 0 and J f −1 > 0 almost everywhere, and Lemmas III.3.3 and III.3.5
of [11] apply and give the useful formulas∫
E
J f dz = |E ′| and
∫
E ′
u(z)dz =
∫
E
u
(
f (z)
)
J f (z)dz
for all measurable sets E ⊂ Ω , E ′ = f (E), and non-negative Borel functions u.
This change of variables formula now gives (FD-2) for f −1 by taking u = J f −1 . Morover, as observed by [8], f −1 is in
W 1,2loc (Ω
′):
∫
Λ′
∣∣D( f −1)(z)∣∣2 dz =
∫
Λ
∣∣Df −1( f (z))∣∣2 J f (z)dz
=
∫
Λ
1
(|∂ f | − |∂ f |)2
(|∂ f |2 − |∂ f |2)dz
=
∫
Λ
K f (z)dz
with Λ′  Ω ′ . Here we use the relation |Df −1(w)| = 1|∂ f (z)|−|∂ f (z)| , where f (z) = w . This follows from the fact that the
smaller eigenvalue of Df at z is |∂ f (z)| − |∂ f (z)|, and this eigenvalue is equal to the reciprocal of the larger eigenvalue
of Df −1. Also note that J f −1 (w) = 1|∂ f (z)|2−|∂ f (z)|2 . With f (z) = w we calculate the distortion function for f −1:
K f −1 (w) =
|Df −1(w)|2
J f −1 (w)
= |∂ f (z)| + |∂ f (z)||∂ f (z)| − |∂ f (z)| =
1+ |μ(z)|
1− |μ(z)| = K f (z).
So indeed (FD-3) holds for f −1 with distortion function K f −1 (w) = K f (z).
It remains to show that K f −1 ∈ Lβloc(Ω ′) for all 0 < β < p. We compute∫
Λ′
Kβ
f −1 (z)dz =
∫
Λ′
Kβf
(
f −1(z)
)
dz (3)
=
∫
Λ
Kβf (z) J f (z)dz. (4)
To estimate the last integral, we seek a pair of convex functions Ψ (t), Φ(t) such that
ts Ψ (t) + Φ(s). (5)
First, consider p  1 and take β ∈ (0, p). Let Ψ be the convex function
Ψ (t) = ept1/β − 1.
To ﬁnd a suitable Φ we follow the theory of conjugate Young functions (discussed in Chapter 1 of [12] or p. 16 of [13]). We
will not be able to ﬁnd an exact expression for Φ so we will instead ﬁnd an upper bound for Φ . Now
ψ(t) = Ψ ′(t) = p
β
t1/β−1ept1/β  ept1/β − ep, for 0 < t < ∞. (6)
If u = ept1/β − ep then t = [ 1p log(u + ep)]β . By the deﬁnition of the conjugate function, Φ is the function on [0,∞) for
which Φ ′ = φ, where φ is the inverse function of ψ : φ = ψ−1. From (6), it follows that
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where c is a positive constant depending on β and p which can change from line to line. Hence
Φ(s) cs logβ(c + s) c1s logβ(e + s), 0 < s < ∞.
Now
Kβf J f  Ψ
(
Kβf
)+ Φ( J f ) epK f + c1 J f logβ(e + J f ).
So by Theorem A Kβf J f ∈ L1loc(Ω), hence Kβf −1 ∈ L1loc(Ω ′).
The proof for p > 1 works mostly the same way, except we take β ∈ [1, p) and begin with
Ψ0(t) = et1/β − 1.
If β > 1 then for small values of t the function Ψ is not convex, but we can replace Ψ with a convex function Ψ from 0 to
a value t0, for instance (Ψ0(t0)t2)/t20, and keep Ψ = Ψ0 = et
1/β − 1 on [t0,∞). This function is convex if t0 is large enough,
depending on β and p. We have
Ψ (t) Ψ0(t) + c on [0,∞), c = Ψ0(t0).
So
ψ(t) = Ψ ′(t) =
⎧⎨
⎩
t1/β−1
β
et
1/β
if t  t0,
2t
t20
Ψ (t0) if 0 k2 < 2.
Take an  > 0 so that β +  < p. Then there exists c = c(,β, p) such that
ψ  cet
1
β+ − c, 0 < t < ∞.
Then
φ(s) c logβ+(c + s), 0 < s < ∞,
and
Φ(s) c1s logβ+(e + s).
So
Kβf J f  Ψ
(
Kβf
)+ Φ( J f ) Ψ0(Kβf
)+ c + c J f logβ+(e + J f )
so Kβf J f ∈ L1loc(Ω).
An alternative approach to the p  1 case is to use the distortion inequality (FD-3), written with K f so that it is an
equality. One writes∫
Λ
Kβf (z) J f (z)dz =
∫
Λ
(|Df |2)β( J f (z))1−β dz, (7)
and shows that Ψ0(t) = t1/β/ log1−β(e + t) and Φ0(t) = t1/(1−β) logβ(e + t) are a pair which satisﬁes (5), though they are
not conjugate Young functions. This is achieved in a similar fashion as for Ψ and Φ above, as the precise conjugate Young
functions are again impossible to ﬁnd because of the lack of a closed form for the inverse of the derivative of either Ψ0
or Φ0. This approach will not work for β > 1, as we no longer have Ψ0 convex for large t .
To show Theorem 1 is sharp, one can check using the formulas in Chapter 11 of [10] that the map on the unit disc,
denoted D,
f (z) = (log(e + 1/|z|) log log(e + 1/|z|))−p/2ei arg z
is a ﬁnite distortion map such that eK f ∈ Lploc(D), with K f −1 in Lβloc(D) for all β < p, but K f −1 is not in Lploc(D). To the aid
to the reader we compute the case p = 1. Then
K f = 2(1+ er) log(e + 1/r) log log(e + 1/r)1+ log log(e + 1/r)
and
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And so
(K f · J f )(r) = 1r2 log(e + 1/r) log log(e + 1/r) ,
which is not summable at zero under the measure r dr. So by (4) K f −1 is not locally integrable in D.
When β = 1, our (7) and (4) say that K f −1 ∈ L1loc(Ω ′) precisely when |Df |2 ∈ L1loc(Ω). That is f is in the space W 1,2loc (Ω)
of Sobolev mappings of ﬁnite energy.
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